Abstract. We construct new examples of cubic polynomials with a parabolic fixed point that cannot be approximated by Misiurewicz polynomials. In particular, such parameters admit maximal bifurcations, but do not belong to the support of the bifurcation measure.
Introduction
The connectedness locus C of cubic polynomials is the set of parameters such that the corresponding Julia sets are connected. It is a compact set in the parameter space C 2 of all cubic polynomials [BH88] . For suitable parametrizations, the two critical points of a cubic polynomial can be holomorphically followed throughout the parameter space (see [BH88, DF08, Duj09] for various related parametrizations).
In [Duj09] , cubic polynomials were parametrized as 1 f c,v (z) = z 3 − 3c 2 z + 2c
where c, v ∈ C. The two critical points of f c,v are ±c. The critical point ±c is said to be passive near the parameter (c 0 , v 0 ) if the sequence of functions (c, v) → f •n c,v (±c) forms a normal family in a neighborhood of (c 0 , v 0 ) in C 2 . Otherwise, ±c is said to be active near (c 0 , v 0 ). According to [Duj09] , the critical point ±c is active precisely on the set ∂C ± , where C ± is the set of parameters for which ±c has bounded orbit. Note that C = C + ∩ C − .
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1 The chosen parametrization plays no special role in the current paper as the results of this paper are mostly coordinate-free.
The bifurcation locus C bif of cubic polynomials is defined as the complement of the set of all J-stable parameters; i.e. C bif consists of parameters for which at least one critical point is active (see [McM94, Theorem 4 .2] for several equivalent conditions for J-stability). Clearly, we have that C bif = ∂C + ∪ ∂C − ⊃ ∂C.
We denote by C * the intersection of the activity loci of the two critical points; i.e. C * := ∂C + ∩ ∂C − ⊂ ∂C. Since C * is the set of parameters for which both critical points are active, it is called the bi-activity locus.
DeMarco introduced a natural (1, 1)-current supported exactly on the bifurcation locus [DeM01, DeM03] . In [BB07] , Bassanelli and Berteloot constructed a natural probability measure supported on the boundary of the connectedness locus ∂C (which is contained in the bifurcation locus), by taking a power of the bifurcation current. This measure is called the bifurcation measure, and is denoted by µ bif . It has several interesting dynamical properties, and can be thought of as the correct generalization of the harmonic measure of the Mandelbrot set. Dujardin and Favre [DF08] showed that the support of the bifurcation measure is equal to the closure of Misiurewicz parameters (in fact, Misiurewicz parameters are equidistributed by µ bif ), which is a subset of C * .
The bifurcation measure is designed to capture maximal bifurcations in the family. In this vein, one may ask if Supp(µ bif ) is equal to C * . However, it was pointed out by Douady that there are parabolic parameters in C * that cannot be approximated by Misiurewicz parameters [DF08, Example 6.13]. These maps have a parabolic fixed point which attracts the forward orbits of both critical points. Consequently, they have a complex one-dimensional (quasi-conformal) deformation space. Moreover, any small perturbation of such a map is either parabolic (and quasi-conformally conjugate to the original map) or has at least one attracting fixed point. In other words, these parabolic parameters are parabolic-attracting in the language of [Eps99] (or virtually attracting in the language of [Buf03] ).
This naturally leads to a study of the set C * \Supp(µ bif ). The principal goal of this paper is to construct examples of parabolic-repelling parameters in C * \ Supp(µ bif ) (at a first glance, it is much less obvious that such parameters may lie outside the support of the bifurcation measure), which shows that the gap between the bi-activity locus and the support of the bifurcation measure is bigger than what was known previously.
Theorem 1 (Parabolic-Repelling Parameters outside Supp(µ bif )). There exists an interval I of parabolic-repelling parameters such that I ⊂ C * \ Supp(µ bif ). More precisely, if a ∈ I, then any sufficiently small perturbation of f a (in the cubic parameter space) is either in the escape locus, or has an attracting/parabolic fixed point.
The interval I satisfying the statement of Theorem 1 consists of parameters having a parabolic fixed point of multiplier 1. In other words, I is contained in the slice Per 1 (1) (see the definition below).
Note that every parabolic-attracting parameter is contained in C * \ Supp(µ bif ). On the other hand, by employing parabolic perturbation techniques, we show that a (suitably chosen) parabolic-repelling parameter can be approximated by Misiurewicz parameters only if two dynamically defined conformal invariants associated with the map satisfy a certain condition. The interval I in Theorem 1 is concocted so that the two conformal invariants of the corresponding maps violate this condition.
Every parameter in ∂C near I has an attracting or parabolic cycle. Moreover, each of these nearby parameters admits a disk of quasi-conformal deformations. On the other hand, parameters outside C close to I have at least one escaping critical point. Hence, by the usual wringing deformation (see [BH88] ), such parameters also admit quasi-conformal deformations. It follows that the interval I does not intersect the closure of quasi-conformally rigid parameters.
According to [DF08, Proposition 6 .14], the support Supp(µ bif ) of the bifurcation measure is the Shilov boundary of C. Heuristically speaking, the interval I that we construct in Theorem 1 does not lie in the Shilov boundary of C since ∂C is foliated by holomorphic disks (coming from quasi-conformal deformations described above) locally near I.
Let us now describe the organization of the paper and the key ideas of the proof of the main theorem.
In Section 2, we recall some basic properties of cubic polynomials with a parabolic fixed point of multiplier 1. These maps form a complex onedimensional slice (of the parameter space C 2 of all cubic polynomials) which is denoted by Per 1 (1). We focus on 'real' maps in Per 1 (1) for which the two critical points are complex conjugates of each other and both critical orbits converge to the unique parabolic fixed point. Both critical points of the maps under consideration are active; i.e. these maps belong to the bi-activity locus C * . We associate a 'global' conformal conjugacy invariant (called the critical Ecalle height) with these maps, that can be used as a local parameter for the quasi-conformal deformation space of these maps. We also recall the notion of the residue fixed point index of a parabolic map, which is a 'local' conformal conjugacy invariant of parabolic dynamics. These two invariants play a crucial role in the proof of the main theorem.
Section 3 contains a brief discussion of perturbation of parabolic points. We go over some basic properties of persistent Fatou coordinates, horn maps, and lifted phase for perturbations of parabolic maps.
The final Section 4 is devoted to the proof of Theorem 1. In Lemma 4.1, we show that if the critical Ecalle height of a real map in Per 1 (1) (introduced in Section 2) is not too large, then the map is parabolic-repelling. Finally, a careful analysis of the lifted phase of the perturbed maps shows that if the critical Ecalle height of a parabolic-repelling parameter is not too small (i.e. bounded below by a function of the residue fixed point index), every perturbation of such a map either has an attracting fixed point or has an escaping critical point. This yields an interval of real parabolicrepelling parameters in Per 1 (1) that cannot be approximated by Misiurewicz parameters, and completes the proof of the theorem.
2. The Slice Per 1 (1)
The family of cubic polynomials with a parabolic fixed point of multiplier 1 is denoted by Per 1 (1), and can be parametrized as
This family has been studied in [Roe10] . We only recall some basic facts about Per 1 (1) that we will need in this paper. If a ∈ R, then f a commutes with the complex conjugation map. It is easy to see that for a ∈ (− √ 3, √ 3), the two critical points of f a are complex conjugate. We denote the critical point in the lower (respectively, upper) half plane by c − (a) (respectively, c + (a)).
For a = 0, the corresponding map has a double parabolic fixed point at the origin (i.e. it has two attracting petals), while for a = 0, the corresponding map has a simple parabolic fixed point at the origin. The two immediate basins of f 0 are real-symmetric, and each basin contains a critical point.
It follows by real symmetry that for a ∈ (− √ 3, √ 3) \ {0}, both critical points of f a lie in the unique immediate basin of the parabolic fixed point. In particular, the parabolic basin is connected, and the Julia set is a Jordan curve.
For a = ± √ 3, the two critical points of f a coalesce to form a double critical point. Finally, if a ∈ (−∞, − √ 3) ∪ ( √ 3, +∞), then the two critical points of f a are real.
Let I := (0, √ 3). For all a ∈ I, we will normalize the attracting (respectively, repelling) Fatou coordinate ψ att a (respectively, ψ rep a ) of f a at the parabolic fixed point 0 such that ψ att/rep a commutes with complex conjugation. Since Fatou coordinates are unique up to addition of a complex constant, the above normalization implies that ψ att/rep a is unique up to horizontal translations. Therefore, the imaginary part of ψ att/rep a is well-defined. We will refer to Im(ψ att/rep a ) as the attracting/repelling Ecalle height. In particular, we have that
is a conformal conjugacy invariant of f a . We call h a the critical Ecalle height of f a .
By changing h a using a quasi-conformal deformation argument, we will show that all maps on I are quasi-conformally conjugate. Proposition 2.1. All cubic polynomials f a , where a ∈ I, are quasi-conformally conjugate. Moreover, I admits a real-analytic parametrization a : (0, +∞) → I such that h a(t) = t.
Proof. The proof is similar to [MNS17, Theorem 3.2].
Pick a 0 ∈ I such that h a 0 = t 0 . We can choose the attracting Fatou coordinate ψ att a 0 so that both the critical points c ± (a 0 ) have real part 1/2 within the Ecalle cylinder.
Let ζ = x + iy. Now, for every t ∈ (0, +∞), the map
is a quasi-conformal homeomorphism of C/Z commuting with complex conjugation. Note that t (1/2, ±t 0 /2) = (1/2, ±t/2). Translating the map t by positive integers, we obtain a quasi-conformal map t commuting with ζ → ζ + 1 on a right half plane. By the coordinate change ψ att a 0 : z → ζ, we can transport this Beltrami form (defined by the quasi-conformal homeomorphism t ) into the attracting petal at 0 such that it is forward invariant under f a 0 . Pulling it back by the dynamics, we can spread the Beltrami form to the entire parabolic basin. Extending it by the zero Beltrami form outside of the parabolic basin, we obtain an f a 0 -invariant Beltrami form. Moreover, this Beltrami form respects the complex conjugation map.
The Measurable Riemann Mapping Theorem (with parameters) now supplies a quasi-conformal map ϕ t integrating this Beltrami form such that ϕ t commutes with complex conjugation. We can normalize ϕ t such that it fixes 0 and ∞. Then, ϕ t conjugates f a 0 to a cubic polynomial fixing the origin. We can further require that the conjugated polynomial
t has a simple parabolic fixed point of multiplier 1 at the origin. Hence,
Since ϕ t commutes with complex conjugation, it follows that ϕ t • f a 0 • ϕ −1 t is a real cubic polynomial. Furthermore, since the complex conjugation map exchanges the two distinct critical points of f a 0 , the same must be true for
The attracting Fatou coordinate of f a(t) is given by ψ att
t . Thus, Im ψ att a(t) (c ± (a(t))) = ±t/2, and hence h a(t) = t. Note that the Beltrami form constructed above depends real-analytically on t, so the parameter a(t) depends real-analytically on t as well. Therefore, we obtain a real-analytic map a : (0, +∞) → I. Since the critical points of all f a(t) have different Ecalle heights, which is a conformal invariant, this map is injective.
It remains to show that a((0, +∞)) = I. As t → 0, the two critical points of f a(t) tend to merge together. It follows that lim The next lemma shows that the arc I is contained in the bi-activity locus C bif .
Lemma 2.2. I ⊂ C bif .
Proof. Letã ∈ I. For cubic polynomials g close to fã, we mark the two critical points of g by c ± (g).
We will prove the lemma by contradiction. To this end, let us assume that there is an open neighborhood U ofã (in the full cubic parameters space C 2 ) such that the sequence of holomorphic functions {U g → g •n (c + (g))} n∈N forms a normal family. Note that U intersects a hyperbolic component of period one non-trivially such that for these hyperbolic polynomials, both critical orbits converge to a common attracting fixed point. By normality of the above family of functions, it follows that the forward orbit of c + (g) converges to a fixed point w(g) (of g) for every map g in U . Moreover, w(g) is a holomorphic function of g on U (as it is a limit of holomorphic functions). Therefore, the multiplier g (w(g)) of the fixed point is also a holomorphic function of g in U . Since the multiplier of the fixed point of fã is 1, it follows by the maximum modulus principle that w(g) must be a repelling fixed point for an open set of maps in U . However, this is impossible as an orbit cannot non-trivially converge to a repelling fixed point.
Sinceã is real and c ± (fã) are complex conjugate, c + (fã) is active if and only if c − (fã) is. Hence, both critical points of fã are active. Thus, I ⊂ C bif .
The residue fixed point index of f a at the parabolic fixed point 0 is defined to be the complex number
where we integrate in a small loop in the positive direction around 0. A simple computation shows that ι(f a , 0) = 1/a 2 (when a = 0). The fixed point index is a conformal conjugacy invariant (see [Mil06, §12] for a general discussion on the concept of residue fixed point index). The résidu itératif of the parabolic fixed point 0 of f a is defined as 1 − ι(f a , 0) = 1 − 1/a 2 . It is denoted by résit(f a ). This quantity plays an important role in the study of perturbation of parabolic germs.
The origin is called a parabolic-attracting (respectively, parabolic-repelling) fixed point of f a if Re(résit(f a )) < 0 (respectively, if Re(résit(f a )) > 0). Clearly, for a ∈ (0, 1), the origin is a parabolic-attracting fixed point of f a . On the other hand, for a ∈ (1, √ 3), the origin is a parabolic-repelling fixed point of f a . Bound on résit(f a ) ). For all a ∈ I, we have that résit(f a ) < 2/3.
Lemma 2.3 (Upper
Proof. If a ∈ I = (0, √ 3), then 1/a 2 > 1/3. Hence, résit(f a ) = (1 − 1/a 2 ) < 2/3.
Perturbation of Parabolic Points
In this section, we will recall some basic facts on perturbation of parabolic points, and fix the terminologies for the rest of the paper. We will only be concerned with perturbations creating eggbeater dynamics (other perturbations always create an attracting fixed point, and are uninteresting from our point of view, see [Shi00] for further details).
If a map f a (with a ∈ I) is perturbed outside of Per 1 (1) creating an eggbeater dynamics, then the simple parabolic fixed point 0 splits into two simple fixed points. In the dynamical plane of such a perturbed map, there is a curve joining these two fixed points, which is called the gate. Moreover, there exist an attracting domain V att , and a repelling domain V rep having the two simple fixed points on their boundaries. The points in the attracting domain eventually transit through the gate, and escape to the repelling domain. Moreover, there are injective holomorphic maps ψ att/rep defined on V att/rep conjugating the dynamics to translation by +1 (as long as the orbit stays in the domain of definition of the maps). The maps are referred to as persistent Fatou coordinates. The quotient of V att/rep by the dynamics is a bi-infinite cylinder, which is denoted by C att/rep .
There exists an open set U in the cubic parameter space with I ⊂ ∂U such that every map in U exhibits eggbeater dynamics and admits persistent Fatou coordinates as above (compare [Shi00, Proposition 3.2.2, Proposition 3.2.3]). We will only consider perturbations of f a in U . It makes sense to label the critical points of the perturbed maps as c ± so that Im(c + ) > 0, and Im(c − ) < 0.
The lifted horn maps of the parabolic fixed point of f a are defined as
−1 on regions with sufficiently large imaginary part in the repelling Fatou coordinates. More precisely, H + a (respectively, H − a ) is defined on {Im(ζ) > M } (respectively, on {Im(ζ) < −M }) for some sufficiently large positive M .
By our normalization of Fatou coordinates, we have that
, as z tends to the upper/lower end of the cylinders. It follows that
as Im(ζ) → ±∞. The map exp : ζ → e 2πiζ conjugates the lifted horn maps H ± a to a pair of germs h ± a fixing 0 and ∞ respectively. These maps are called the horn maps of the parabolic fixed point of f a . They satisfy
For perturbed maps, one can still define horn maps. Points in V rep with large imaginary part in the repelling Fatou coordinate eventually land in V att . This defines a map from the ends of ψ rep (V rep ) to ψ att (V att ), which is called the lifted horn map of the perturbed map. The persistent Fatou coordinates can be normalized so that they depend continuously on the parameters. With such normalizations, the horn maps depend continuously on the parameters.
In the perturbed situation, points in V att are mapped to V rep by some large iterate of the dynamics (where the required number of iterations tends to +∞ as the perturbation goes to zero). This transit map induces an isomorphism of the cylinder C/Z (via the Fatou coordinates). Hence, the transit map can be written as (
Finally, one can define a return map from the top and bottom ends of V rep to V rep for the perturbed maps. In the Fatou coordinates, this map can be expressed as the composition of the lifted horn map and the translation T σ (for some σ ∈ C). For sufficiently small perturbations, exp : ζ → e 2πiζ conjugates these return maps to germs R ± that are close to e 2πiσ h ± a .
Proof of Theorem 1
Let a ∈ (0, 1). Then 0 is a parabolic-attracting fixed point of f a . By [Buf03, Theorem 1] (also compare [Mil06, Theorem 12.10]), every cubic polynomial sufficiently close to f a has at least one non-repelling fixed point. Thus, f a cannot be approximated by Misiurewicz maps. Following [DF08, Example 6.13], one can conclude that the parabolic-attracting map f a lies in C * \ Supp(µ bif ).
The goal of this section is to prove Theorem 1, which asserts that C * \ Supp(µ bif ) does not consist only of parabolic-attracting maps, it contains parabolic-repelling maps as well (which is perhaps more surprising). To this end, we need to study the geometry of the dynamical plane of maps in I.
Let a ∈ I. In the dynamical plane of f a , the projection of the basin of infinity into the repelling Ecalle cylinder is an annulus of modulus is contained in the projection of the basin of infinity (see Figure 1) .
The proof of the main theorem makes essential use of the above geometric property of the basin of infinity (of the maps in I) and bi-criticality of cubic polynomials. The rough idea of the proof is as follows. We construct a suitable sub-interval I ⊂ I (consisting of parabolic-repelling parameters) such that if the lifted phase of a nearby map has small imaginary part, then at least one critical point escapes to infinity (which is a consequence of the fact that the basin of infinity occupies a definite annulus). On the other hand, if the imaginary part of the lifted phase is large enough to prohibit a critical point from escaping, then there is an attracting fixed point. Thus, no map close to I can be Misiurewicz. For the rest of the paper, we fix an ε sufficiently small; for instance with 0 < ε < 0.01. Recall that the shift locus is the set of maps with both critical points escaping.
Lemma 4.1. Let 0 < t < m − 2ε. Then f a(t) lies on the boundary of the shift locus. In particular, f a(t) is parabolic-repelling; i.e. a(t) ∈ (1, √ 3).
Proof. Let 0 < t < m − 2ε. We consider a small open set U with a(t) ∈ ∂U such that perturbing a(t) in U creates eggbeater dynamics. Note that the critical points and the Fatou coordinates depend continuously on the parameter throughout U . Hence, by shrinking U , we can assume that the imaginary part of ψ att (c + ) is less than (t/2 + ε/3) < (m/2 − 2ε/3), and the imaginary part of ψ att (c − ) is greater than (−t/2 − ε/3) > (−m/2 + 2ε/3).
Moreover, the basin of infinity can not get too small when a(t) is slightly perturbed (compare [Dou94, Theorem 5.1(a)]). Hence, by shrinking U further, we can also assume that for every parameter in U , the round cylinder R/Z × (−m/2 + ε/3, m/2 − ε/3) is contained in the projection of the basin of infinity into the repelling cylinder (note that in the repelling Ecalle cylinder of a(t), the round cylinder R/Z × (−m/2, m/2) is contained in the projection of the basin of infinity). Now consider the following perturbation of f a(t) :
Since g δ is real, the transit map is a horizontal translation. In the dynamical plane of such a perturbed map, the critical orbits "transit" from the attracting Ecalle cylinder to the repelling cylinder and the imaginary parts of the Fatou coordinates are preserved in the process. By our construction, this would provide with points of the two critical orbits with repelling Ecalle height in (−m/2 + 2ε/3, m/2 − 2ε/3) in the repelling Ecalle cylinder. But since the perturbed map is in U , any point in the repelling cylinder with repelling Ecalle height in (−m/2 + ε/3, m/2 − ε/3) is contained in the projection of the basin of infinity. Therefore, for such perturbations, both critical points lie in the basin of infinity. Hence, the perturbed maps lie in the shift locus, and both fixed points of the perturbed maps are repelling. Therefore, f a(t) lies on the boundary of the shift locus and is parabolicrepelling; i.e. a(t) ∈ (1, √ 3).
Suppose that a(t) ∈ I with 0 < t < m − 2ε. Consider a small (eggbeatertype) perturbation of f a(t) with associated transit map T σ . It follows from the proof of Lemma 4.1 that if the lifted phase σ of the perturbed map is real, then both of its critical points escape to infinity. In the next lemma, we look at the other side of the story. More precisely, we study perturbed maps whose lifted phase σ has a large imaginary part.
Lemma 4.2. If Im(σ) > π résit(f a(t) ), then the perturbed map has an attracting fixed point.
Proof. For sufficiently small perturbations, the absolute value of the multiplier of the 'return map' R + at the origin is close to
Therefore, if Im(σ) > π résit(f a(t) ), then 0 is an attracting fixed point of R + . It follows that one of the simple fixed points of the perturbed map is attracting.
Proof of Theorem 1. Choose a(t) ∈ I with 4π/3 − m + 2ε < t < m − 2ε. This is possible because 4π/3 − m + 2ε ≈ 1.8292 + 2ε < 1.85, and m − 2ε ≈ 2.3596 − 2ε > 2.33. By Lemma 4.1, f a(t) is parabolic-repelling. Consider a perturbation of f a(t) in the connectedness locus. If it is not eggbeater-type, then we have an attracting or parabolic fixed point. So we may assume this is an eggbeater-type perturbation. Let the transit map be T σ , for some σ ∈ C. We can assume that Im(σ) > 0 (the other case is symmetric).
Note that ψ att a(t) (c − (a(t))) = −t/2. Under small perturbation, the imaginary part of the attracting Fatou coordinate of ψ att (c − ) lies in (−t/2 − ε/2, −t/2 + ε/2). Since the perturbed map is in the connectedness locus, the critical point must not land in the basin of infinity after exiting through the gate. But for a small perturbation, the basin of infinity occupies at least the cylinder R/Z × (−m/2 + ε/2, m/2 − ε/2) in the repelling cylinder. Note that (−t/2 − ε/2) > (−m/2 + ε/2). Hence, the imaginary part of the lifted phase must be large enough to push the 'lower' critical point sufficiently up so that it avoids the basin of infinity; i.e. −t/2 + ε/2 + Im(σ) ≥ m/2 − ε/2; or, Im(σ) ≥ m/2 + t/2 − ε. By our choice of t and Lemma 2.3, we have that m/2 + t/2 − ε > 2π/3 > π résit(f a(t) ).
This means that the imaginary part of σ is larger than π résit(f a(t) ); i.e. Im(σ) > π résit(f a(t) ). But then Lemma 4.2 forces the perturbed map to have an attracting fixed point.
Hence I := a((4π/3 − m + 2ε, m − 2ε)) ⊂ I consists of parabolic-repelling parameters that are not contained in Supp(µ bif ). By Lemma 2.2, we conclude that I ⊂ C * \ Supp(µ bif ).
Remark 1.
(1) Similar techniques can be used to prove the existence of parabolic-repelling biquadratic polynomials (lying on the parabolic arcs of period one of the tricorn) outside the support of the bifurcation measure, compare [IM16, Theorem 1.2].
(2) If a cubic polynomial has a Siegel disk containing a post-critical point, then the corresponding map belongs to the bi-activity locus, and admits a disk of quasi-conformal deformations in the parameter space. It will be interesting to know if such parameters always lie in the support of the bifurcation measure. (3) Our proof works only when the modulus of the basin of infinity in the repelling Ecalle cylinder is sufficiently large. It seems unlikely to have such an interval when the modulus is small, i.e., if the degree of the map or the period of the parabolic periodic point is large.
